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Bir gqarisiq masalonin formal halli hagqinda

Xiilasa

Bu moqalads parabolik tips aid olan va istilik 6tlirmo prosesini tosvir edon diferensial tonlik {igiin
verilmig qarigiq mosolonin formal holli arasdirilir. Todqiq olunan problem miintozom sorhad
soraitindo qurulmusdur vo bu baximdan onun nozori tohlili xiisusi oshomiyyat kosb edir. Ovvalco
problemin spektral xiisusiyyatlori dyronilir, bunun iiclin osas tonlik iizro spektral analiz aparilir.
Spektral analiz naticosindo miivafiq operatorun spektri vo ona uygun golon funksiyalar aragdirilir.

Sonda isa alds olunmus formal hallin verilmis baslangic va sorhad sortlorini tam sokildo 6dadiyi
isbat olunur. Bundan slavs olaraq qurulmus formal hollin yeganoliyi riyazi cohotdon asaslandirilir vo
bu natico problemin diizgiin hollo malik oldugunu gdstorir. Beloliklo, moaqgalods verilmis qarisiq
masalo ticilin aldo olunan hall, hom riyazi baximdan asaslandirilmis, hom ds totbiqi baximdan miihiim
naticalar taqdim edon bir yanagma ilo olds olunur.
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On the Formal Solution of a Mixed Problem

Abstract

The paper considers the formal solution of a mixed problem with regular boundary conditions for
a parabolic differential equation describing the heat transfer equation. The existence and basic
properties of the Green's function are studied based on spectral analysis. Using the Fourier transform
and the residue method, the solution is expressed as a non-specific integral expansion. It is proved
that the obtained formal expression satisfies the given initial and boundary conditions, and the
uniqueness of the solution is shown.

Finally, it is proved that the obtained formal solution fully satisfies the given initial and boundary
conditions. In addition, the uniqueness of the constructed formal solution is mathematically justified,
and this result shows that the problem has a correct solution. Thus, the solution obtained for the mixed
problem given in the article is obtained by an approach that is both mathematically justified and
provides important results from an applied point of view.
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Giris
Bu moqgalods asagidak: sokilli
9, = a?A9,9 =9(t,x,y), (1D
U =9(t,x,y) =2(xy),(x,y) €Q, (2)
V@) =0,y€eR?,(i=12k=12), 3)
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qaris1q moasoloys baxilir. Burada

0’9 9’9
lk(ﬁ) —Z[ (k)_' Xp= bk+bi(]"()ﬁ Xg=Dbg
Xk

% p
a;j ,bl] ,a€C,a#0,0 < t, <T.
Qeyd edok ki,(1)—(3) verilmis garisiq masalosinds t zamaninin elo halina baxilir ki, t € (0, t,),
belo ki, t € (ty, T). Burada magsad verilmis garisiq masolonin formal hallini qurmag,hall igiin
aliabilon ifadonin (1)—(3) barabarliklorini 6dodiyini gdstormokdir (Dezin, 1980).
Bu mogsadlo

y'—Ay=0,y=y(xA),x€ (ab),A€C , 4)
1
dy dy ,
Ui(y)=zaua]|x a+bua]|x=b=0: (i=12)), (5)
j=0

aij,bieC (1=1,2; j=0,1),C-kompleks odadlor ¢oxlugudur. (4),(5) spektral masoalosinin Birkhof
monada requlyar olmasi tigiin asagidaki sortlordon biri donmalidir.

a) anbai—a21bn#0

b) a21=b21=0, a11b20+b11a20#0;

¢) an=bn=a21=b21=0, ai0b20—b10a20£0.

Asagidaki baraborlikls toyin olunan odadi toyin edok:

_ { 1, agar a) va b) sartlarinds biri 6danarss,
J= 0, 9gar c) sarti 6danirss,

D(L) ils (1.2),(1.3) spektral masalonin dogurdugu operatoru igars edak.

D(L)={f(x): f(x) € C*(a,b) N C'[a,b], Ui(f) =0,i=1,2}

Tadgiqat

Molumdur ki, a),b),c) sortlorindon biri 6donarsa,onda L—A diferensial operatorunun G(x,E,1) Qrin
funksiyas1 A-kompleks funksiyasinin meramorf funksiyadir,A; polyuslar e;tortibino malikdir,hesabi
saydadir, yegano limit ndqtosine malikdir vo asagidaki kimi asimptotik ayrilisa malikdir (Mommadov,
Ohmoadov, 2013):

A, = —4m?v? [1 +0 (%)] ,(v > ), (6)

G(x,E,M)—Qrin funksiyas1 A, polyuslarinin geyd olunmus 6>0 strafindan keonarda

M‘<C|/’l| 7 (k=0,12), (7)

giymotlonlonmasine malikdir. Onda (4)-(6) masalaesine y doyisonino goro Furyenin inteqral
cevirmasini totbiq edok.(forz olunur kihall var vo onu y doyisonine gore geyri-moxsusi inteqral
ayrilisi soklinda gostormak olar)

9(t,x,y) = fei(y"’)ﬁ (t,x,0)do, (8)

R2
(y,0)=y161+y200.
(8) inteqralini (1)—(3) barabarliklorinds yerine yazmaqla asagidaki masaloya goalorik:
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a9

e a’4,9 — a?|o|?9, (9)

I(to, x,0) = P(x,0), (10)
Up(3)=0,(=12k=12), (11))

N 1 »

B(1,0) = 557 | e P00k, (12)

R2
02 02

A= |G|2 =0-12+O-22

_+ —,
ox?  0x2

Forz edok ki,(U;y, Uy ) sorhad sorti formalar1 Birkhof monada requlyardirlar. G(x,&,p) ilo

d*p(x
Zizk) — () =0, Xy € (ar, b)),y € €, (13)

k
Un(p) =0,(i =1,2) (14)

spektral moasalonin Qrin funksiyasini isara edok. A,s(Gy) ilo Clay, by ] fozasindan

D(Li)={y(x): y(xx) € C?(ay, by) N C¥[ay, by], Ui(y) = 0, (i = 1,2)},

fozasina tosir edon xotti operatoru isara edok.

by
Ay (GONGs) = h%, (50 = res 1 [ G omohGOdG,  (19)
ak
A, s, (Gy) operatorunu (9) va (10) borabarliklorina totbiq edok.
d*p(xx) p(x )
VkSk(Gk) lT:l - VkSk(Gk) [ i ukp(xk)l + AVkSk(Gk)Mkp(xk)
by
= I;giulikﬂj Gy (Xk,fk;.uk)l?(fk)dfk = Avksk+1(Gk)p(xk)' (16)
ak

Onda (9) vo (10) baraborliklorindon asanliqla asagidaki baraborliklori ala bilorik (Tikhonov,
Samarskiy, 1960):

a Svk,sk (t: Xk O_n) = azsvk,sk+1 (t; Xk 0_n) - az |0n | stk,sk (t, Xk 0_n) ’ (17)
vk Sk (tOr Xk» Gn) vk Sk (Xk: Gn) (18)
hgf:gn = Avmsm(Gm)Avm_lsm_l (Gm—l) Av151 (Gl)h(xm) ’ (19)

gobul edok. Lemma.(17),(19) masalasinin yegans halli var, asagidaki ayrilisa malikdir.

by by
Uy,s. (6, X,0) = Tes res e® (“%kw%k_'“'z)(t_t")f J Gy (1,81, 1) G2 (X2, §2, 1 -

H1V1 U2V2

: (D(f, O—)dEIdEZ ’ (20)

Lemmanin isbati. (20) diisturu ilo toyin olunan funksiya (17),(18) mosalosinin hallidir.
Forz edok ki,(17),(18) masalesinin iki miixtolif 91y, , (£, X, 0), 94y, 5, (£, x, 0) halli var.
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vksk(t X, O-) 191vksk - ﬁZVkSk ) (21)

isaro edok.Aydindir ki,bu funksiya agagidaki masolonin halli olacaq.

(t,x,0)
v;cs;cat = a’R Vksk(t X,0) — a2|0'|2Rvksk(t,3C, 0), (22)
vksk(o x O-) - 0 (Sk - O &k 1' k = 1’2 )' (23)

Aydindir ki,(22)—tonliyi xatti qeyri-bircins tonlikdir vo aZRvksk
baslangic sortini nozors almaqla,(22), (23) Kosi masalasinin halli

bu tonliyin sorbast haddidir.(23)

vksk(t X,0) =a fe_a2|0|2(t_o) RVkSk(T, x,0)dt, (24)
0

belo ki, si=0, &, — 1, k=1,2. Molum boraborlikdon, yani,
res (L, — HgVg)ZK faik Gk (X1 & W) R(E, &, 0)dE = 0 (k = 1,2) boraborliyinds istifado etmokla,
HkVk

&vk—l

. ey, —1
Rvksk(t, g' X, O') = - Z Cévk (_1)aevk ,lekk Rvki(t' fr X, 0) (25)
=0

Buradan alinir ki, R, ¢, (t, ¢, o) funksiyalari (15) borabarliklorini 6doyir.(24) tonliyinden

ViSk
Ry, (66,00 =0,  (sp =0, — Lk=12) (26)

alinir. (25),(26) borabarliklorindon (22),(23) masslasinin yegana hoallinin oldugu alinir (Rasulov,
1964).

Ayrilis diisturundan vo hom doa (21)-don (1)-(3) garisiq masalasinin D(Lk) fozasina daxil olan halli
ticiin asagidaki ayrilis1 aliriq (Mamadov, 1990):

I(t,x,0) = (—1)’”2191,,5(& x,0) ==(—1)™ Z Z resres e® (atHz=la1)(t=to) .
v=1

v1 11}2_ le MVZ
by by
: f f G1 (a1, 112 G (g 60, ) B (E, 0) 1, @7
al az

(27) ifadasini (4)-da yerino yazsaq,
by b,

9(t,x,y) = (=)™ Z Z resres e® (b1+h2)(t=to) f J Gy (%1, &1, 19) -
Vim 17 2_ HVl HVZ ay
-Gy (X3, &2 112) f ! -a =t P (¢, 0)do | dE dE, | (28)

R2
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; —a2|512¢+ X
J(t,x,y) = fel(f"’) a*lol*t g (&, 0)do, (29)
RZ

inteqralina baxaq.(12)-ifadasini (29)-do yerino yazib adi hesablama gaydasi ilo,

(L8 ) = f Qty —m) BEmdn, (30)
RZ

inteqralini alarig, Q(t,y — n) inteqralin niivasi olub asagidaki diisturla toyin olunur:

_ly-nl
Qty—m) = —— (31
yy—n=-————-—,
(2avmt)”
t > 0 oldugda Rea? > 0, y,n € R?; t <0,y,nm € R? oldugda Rea? < 0.

(15) ayrilis diisturuna osason (28) ifadssindon aliriq ki,ogor ®(x,y) funksiyasi x doyisenine
(x=(x1; x3)) gora D(L1),D(L>) fozalarina daxildirss,onda ikiqat sira,yani (28) siras1 x-doyisonino géroa
t=0 ndqtosindo miintozom yi1gilandir vo

H<D(OJ X, 77) = CD(x, n); (32)

Bundan olava (28)-don aydindir ki,diferensiallama omaliyyatini birbasa sonsuz sira altinda
aparmagq olar (Mikhlin, 1968). Onda

aH (00 (00
a_td) —a?AHy = (D™ Z Z res res e Mtk g2y + p, — a?4,] -
== 1V1 U2V2
by by

) f f Gy (1,81, 11) G2 (X2, &5, 1)@ (E,m)d &, dE, = (—1)™a? -

a; az

[o'e) [o'e) 2 62 bl b2
: Z Z res gevseaz(“”"z)tz <uk _W> f J Gy (01, &1, 11) G2 (2, &2, 112) -
vi=1v,=1 e k=1 k a; ap
[e'e) [e'e) by by
OEMEdE = (1™ Y Y res rese it [ 6y 0,6 m)-
H1V1 U2V2
v1=1v,=1 a; a,
*Gp (X2, &2, Up) P (&4, €2, M1, M2)dELAS, (33)
va Qrin funksiyasinin xassasina gora
d? s
(W ) G (Xk> $xr M )R (Ex) = h(xy) (k= 1,2)
k o
by b,
l’fvij J G1(x1, &1, 1) Go(xp, &2, )P (4, E2,11,12)dE dE, = 0.
a; ap
. . 0Hgp 2
(33) diisturunda aliriq kl,W —a“A,Hgy =0, (34)

Hallin ayrilisindan va (34)-don aliriq ki,
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d
a—f —a%4,Q = 0,(t # 0), (35)
09 aQ(t’y - 77) aHtD (t' X, T’)
— - ZAﬁzf—H t,x, ty —n) ———— 1 —
R2
—a*Hy (t,x,m)4,Q — a®Q(t,y —n)4,Hg]dn = 0, (36)

Tamami ilo aydindir ki,ogar (27) vo (28) diisturlarinda Uik(i=1,2;k=1,2) sorhad sorti operatorlarini
qeyri-moxsusi inteqrallarin altina kegirmok miimkiindiirss,onda I9(t,x,y) funksiyasi sorhad sortlorini
odayar. (29) diisturunu asagidaki kimi ¢evirok (Mamadov, 1990):

v(t,x,y) = f Q(t,y —n)Hp(0,x,m)dn + J Q(t,y —m[He(0,x,1m)dn
R? R?2

ch(Orx! U)]dn ) (37)

(32) diisturuna vo molum fundamental hollin xassalorine gore ®@(x,y) funksiyasinin iizorino
miisyyon mohdudiyyatlor daxilinds 9(t,x,y) funksiyasinin baslangic sorti 6dodiyine amin olmaq olar
(©hmadov, Hasanov, Yaqubov, 2015).

Noatica

Mbaqalanin aktualli@i. Qarisiq mosalalar, diferensial tonliklor nazoriyyasinde miihiim yer tutur. Bu
moasalolor miixtalif fiziki vo miihondislik proseslorinin diizgiin riyazi modellogdirilmasi ti¢iin istifado
olunur. Qrin funksiyasi vo ¢ixiglar tisulu bu tonliklorin analitik hallini tapmaq ti¢iin asas riyazi modellordir.
Qaris1q masalolorin aktualligi onlarin nazari vo tatbiqi riyaziyyatda genis istifado olunmast ilo baglidir.

Magqalonin elmi yeniliyi. Bu isdo garisiq mosalo tigilin ¢ixiglar iisulu ilo formal hall vo onun yeganalik
xiisusiyyatlori gostorilmisdir. Spektral analiz asasinda Qrin funksiyasimin yeni torifi verilib, ¢oxdlgtilii
tonliklor Uiglin inteqral ayrilis totbiq olunaraq mdvcud yanagmalar genislondirilib. Toklif olunan metod
diferensial operatorlarin tokamiiliino yeni baxis togdim edir vo qarisiq masaloalorin hallini asanlagdirir.

Mbagqalanin praktik shamiyyati va tatbiqi. Magalodoki formal hall tisulu qarisiq masalslorin analitik
va hesablama metodlarinin inkisafina tohfa verir. Metod istilik otiirtilmasi, diffuziya va dalga proseslari
kimi fiziki vo miihendislik sahalarinds totbiq oluna biler. Requlyar sorhad sortlori altinda daqiq hallorin
oldo olunmasi real proseslorin daha diizgiin tohlili vo riyazi modellorin optimallagdirilmas: iiciin
ohomiyyatlidr.
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